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Abstract-The present paper examines the problems related to the axial, lateral, and rotational
loading of a rigid cylindrical inclusion which is embedded in bonded contact at the boundary
of an isotropic elastic half space. The rigid inclusion is modeled as a field of distributed forces
which represent the normal and shear tractions that act on the inclusion-elastic-medium in
terface. The intensities of these distributed tractions are determined by enforcing displacement
compatibility conditions at discrete locations of the interface. These compatibility conditions
are derived from rigid-body displacement modes appropriate for each loading. The results de
rived from this numerical scheme are compared with equivalent results derived via analytical
techniques which focus on the solution of the governing integral-equation schemes and other
approximate-solution schemes. The numerical results presented in the paper illustrate the man
ner in which the generalized stiffnesses of the embedded inclusion are influenced by its geometry
and Poisson's ratio of the half-space region.

INTRODUCTION

The category of problems that examine the behaviour of cylindrical inclusions which
are either fully or partially embedded in elastic media have several useful engineering
applications. Particularly in the field of geomechanics, the partially embedded cylin
drical inclusion, models the behaviour of cylindrical piles or piers embedded in soil
media which exhibit a linear elastic response in the working-load range. These inclusion
problems are also of importance to the stress analysis of multiphase composites which
are reinforced by elongated inclusions or fibres of finite length. The general interaction
problem involves the action of four types of loading which induce axial and lateral
translation, azimuthal rotation and asymmetric rotation about the axes of symmetry.
To the authors knowledge, a rigorous analytical solution to the generalized three
dimensional problem involving a loaded finite rigid cylindrical inclusion is not available
in the literature.

The seminal analytical work related to the load transfer from a cylindrical elastic
inclusion of infinite length into an elastic medium is due to Muki and Sternberg[l].
These authors also presented an approximate procedure which can be used to determine
the decay of load in a bar with an arbitrary cross-section. Based on the assumption
that the bar behaves as a one-dimensional continuum, Muki and Sternberg[2] presented
a solution scheme for axial load transfer from a finite elastic bar into an elastic half
space. Luk and Keer[3] presented an exact analytical formulation for the problem of
a rigid cylindrical inclusion partially embedded in an isotropic elastic half space. A
Hankel transform development of the governing equations yields a system of coupled
singular integral equations for the normal and shear traction distributions at the inclu
sion-elastic-medium interface. In an earlier paper Freeman and Keer[4] examined the
problem of the transfer of torque from a semi-infinite elastic inclusion into an elastic
half space. Spillers and Stoll[5] considered the problem of lateral loading of an elastic
pile which is embedded in an elastic half space by treating the pile as a line inclusion
obeying the Bernoulli-Euler beam theory. The interactive reaction between the pile
and half space is modeled by the horizontal analog of the Mindlin force problem[6].
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Fig. I. Hollow rigid pier embedded in an elastic half space.

Poulos and Davis[7, 8], extended the work of Spillers and Stoll[5] to include axial
loading of incompressible piles. Mindlin's solution[9] for a concentrated axial load was
used to model the vertical stress acting on the interface. Suriyamongkol et al. [10] also
investigated the behaviour of an axially loaded rigid cylindrical body embedded in an
elastic half space. Recently Niumpradit and Karasudhi[ll] and Apirathvorakij and Kar
asudhi[12] extended the scheme of Muki and Sternberg[2] to include the quasistatic
axial load transfer and bending problems for an elastic bar partially embedded in a
saturated poroelastic half space. Fowler and SincIair[ 13] have also applied the analytical
scheme proposed by Muki and Sternberg[2] to study the elastodynamic problem in
volving longitudinal vibrations. Parnes[ 14] considered the case of an infinite elastic bar
embedded in an infinite space and subjected to an infinite train of periodic axial forces.
Herrmann et al.[15] investigated the transfer of load from a microfibre into an elastic
medium. Recently Selvadurai[16] and Au and Selvadurai[17] examined the problem of
the lateral loading of a Bernoulli-Euler beam embedded in an isotropic infinite space.
The solutions corresponding to rigid cylindrical and spheroidal inclusions embedded
in elastic infinite space are presented in [18] and [19]. The above review is by no means
extensive; references to further work are given by Sternberg[20] and Gladwell[21].

This paper focusses on the estimation of axial, lateral, rotational and coupled
stiffnesses of a hollow rigid cylindrical inclusion embedded in a homogeneous isotropic
elastic half space and subjected to a system of loading, as shown in Figure I. The
problem could be formulated in a manner similar to that of Luk and Keer[3], but leads
to considerable analytical difficulties and needs tedious procedures in numerical im
plementation. In the present study we employ a scheme identical to that considered
in [10] for axial loading. By presenting extensive comparisons we establish the fact
that the present method is as accurate as the rigorous treatment of Luk and Keer for
axial loading. At the same time, we present numerical values obtained from other
schemes to complete the comparisons. Finally, the stiffnesses of a rigid inclusion are
presented for different aspect ratios of the inclusion and Poisson ratio of the surrounding
half space.

2. FUNDAMENTAL SOLUTIONS

Fig. 2 shows a half-space region in which (r, e, z) is the cylindrical polar coordinate
system and the related rectangular Cartesian coordinate system (x, y, z) is such that
the z-axis is normal to the free surface. For an isotropic linear elastic medium, the
displacement equations of equilibrium take the form

,Pu + I ad I (2 av u) 0, (ta)
1 - 2v a; -; rae + -;.

V2v + 1 I ad 1 (v 2 au) 0, (t b)
2v rae r r rae

V2w +
I ad

O. (lc)-
I - 2v az



Load transfer from a rigid cylindrical inclusion into an elastic half space

----.,I;'--'<.::.>L--+-_ r • x

Domain l;fL ....

-Domain 2 ~ fL, ZI

Fig. 2. System considered in deriving fundamental solution.

1215

Where u, v and ware the components of the displacement vector referred to the
cylindrical polar coordinate system, v is the Poisson's ratio, V2 and.:l are the Laplacian
operator and dilatation, respectively, defined by

V2 = ~ + ! ~ + !~ + ~
ar2 r ar r ae2 az2

'

au u av aw
.:l=-+-+-+-.

ar r rae az

(2a)

(2b)

Muki[22] has presented a Fourier (in terms of e)-Hankel (in terms of r) represen
tation of the general solution of eqns (I) by expressing the displacements in terms of
a combination of a biharmonic and harmonic functions. Accordingly, the displacements
u, v, and w can be expressed as

1 x

U = "2 m~o [Um+l(r, z) - Vm-I(r, z)] cos me, (3a)

1 x

v = "2 m~o [Um+1(r, z) + Vm-I(r, z)] sin me, (3b)

w = m~o [LX {(I - 2v) d:~m - 2(1 - V)eGm} SJm(~r) d~J cos me, (3c)

where, for each harmonic m,

roo (dGm ) 2Um+.(r, z) = Jo ~ + 2Hm ~ Jm+I(~r) d~,

roo (dGm ) 2Vm~ I(r, z) Jo ~ - 2Hm ~ Jm-I(~r) d~,

Gm(~, z) (Am + Bmz) e~z + (em + Dmz) e-~z,

Hm(~, z) = Em e~z + Fm e-~z.

(4a)

(4b)

(4c)

(4d)

In eqns (4), Jm is the Bessel function of the first kind ofthe mth order and Am(~), Bm(~),

... ,Fm(~) are arbitrary functions which should be determined by invoking appropriate
boundary and/or continuity conditions. At this stage, it is convenient to nondimen
sionalise the problem by defining a length parameter "a" which denotes the external
radius of the rigid cylindrical inclusion; a is taken as a unit length.

In order to develop the solutions corresponding to appropriate ring loads of finite
extent, acting on the contact surface of the inclusion, it is necessary to.derive expres
sions for the displacements due to concentrated circular ring loads of unit intensity as
shown in Fig. 3. These loads are assumed to act along the circumference of a circle
with radius equal to s at the interior of half space at z = z'. By defining a fictitious
plane at z = z', we can reduce the problem to one which has two domains (Fig. 2).
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Fig. 3. Concentrated ring forces of unit intensity.

The superscript i(i = 1, 2) is used to identify the quantities associated with each domain.
The displacement field in each domain has the general form given by eqns (3) consisting
of functions A,{~), Bl<~)' ... , F;(~). In the domain 2 however, to ensure regularity of
displacements and stresses derived from eqns (2), the terms A2(~), B2(O, E2(~) are set
equal to zero. The remaining functions are determined from the boundary, continuity
and symmetry conditions appropriate to each loading case.

Concentrated vertical ring force [Fig. 3(a)]
The system under consideration possesses a state of symmetry about the z-axis

and the corresponding displacements are given by eqns (3) with m = 0. Thus the
displacement v in e direction vanishes and the arbitrary constants AI(~), Bl(~), Cl(~),

Dl(~)' C2(~) and D2(~) are determined from the following boundary and continuity
conditions:

a~Y(r, 0) = 0,

a~:)(r, 0) = 0,

(5a)

(5b)

(5c)

(5d)

(5e)

(Sf)

Concentrated radial ring force [Fig. 3(b)]
As noted previously, the system possesses symmetry about the z-axis and the

appropriate boundary and continuity conditions are identical to those given in eqns (5)
except that eqns (5e) and (Sf) should be changed to the following:

a~~)(r, z') - a~~)(r, z') = 0,

a~~)(r, z') - a~;)(r, z') = 8(r - s)

(6a)

(6b)
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cr~~)(r, e, 0) 0,

cr~~)(r, e, 0) 0,

crW(r, e, 0) 0,

u(I)(r, e, z') ul2l(r, e, Z'),

v(I)(r, e, Z') lP)(r, e, z'),

w(l)(r, e, z') w(2)(r, e, Z'),

(T~~)(r, e, Z') (T~~)(r, e, Z'),

Concentrated ring force in x direction [Fig. 3(c)]
The system under consideration possesses symmetry about the e °axis, and

the displacements are obtained from eqns (3) with a single term in the series with m
= 1. Thus there are nine functions AI(~)' Bl(~), CI(~), DI(~), El(~), Fl(~), C2(~), D2(~)

and Fi~) to be determined from the following boundary and continuity conditions:

(7a)

(7b)

(7c)

(7d)

(7e)

(7f)

(7g)

[cr~l?(r, e, z') - cr~7?(r, e, z')]/sin e + [cr~~)(r, e, z') - cr~;)(r, e, z')]/cos e = 0, (7h)

[crW(r, e, z') - crW(r, e, z')]/sin e
- [(T~~V, e, Z') - (T~;)(r, e, z')]/cos e - 28(r - s)

- LX s~Jo(~s)Jo(~r) d~. (7i)

Concentrated vertical ring force with asymmetric distribution [Fig. 3(d)]
Again, the system possesses symmetry about e = °axis and the displacements

are obtained from eqns (3) where m == 1. The appropriate boundary and continuity
conditions are identical to those given in eqns (7), except that eqns (7g) and (7i) should
be changed to the following:

8(r - s)

(X SVl(~s)JI(~r) d~, (8a)Jo
[(T~~)(r, e, z') - crW(r, e, z')]/sin e - [(T~~)(r, e, z') - cr~;)(r, e, z')]/cos e = 0. (8b)

The boundary and continuity conditions given in eqns (5)-(8) result in sets of
simultaneous equation systems corresponding to the four different cases of loading
shown in Fig. 3. The solution of these systems leads to the expressions for arbitrary
functions appropriate to each loading case. The expressions for displacements corre
sponding to each loading case are presented in the Appendix [eqns (Al)-(AIO)].

3. A HOLLOW RIGID INCLUSION EMBEDDED IN THE HALF SPACE

We consider the problem of a hollow rigid cylinder or inclusion embedded in a
homogeneous elastic half space and subjected to the system of external loads as shown
in Fig. 4. It is assumed that the boundary ofthe hollow rigid cylinder is perfectly bonded
to the surrounding elastic medium. In order to evaluate the stress distributions and
stiffnesses of the inclusion we discretize the axisymmetric interface surface by regions
of uniform or linearly varying tractions (Fig. 4). It may be observed that the cylinder
elastic-medium interface of any rigid pier can be discretized by using combination of
the two ring elements shown in Fig. 5. These are identified as shaft elements (SE) and
base elements (BE). In the case of a SE it is assumed that the tractions are distributed
uniformly across the thickness of an element. However, the symmetric radial tractions
acting on a BE under axial loading, and asymmetric normal traction acting on a BE
under lateral and moment loading, are assumed to have a linear variation across the
width of an element. This would enhance the integration of corresponding funda-
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Fig. 4. Distributed forces acting on the contact surface of cylinder.

mental solutions across the element thickness. The unknown tractions acting on jth
element is denoted by T':.v(m = r, x, z, n s, b) where subscript m denotes the direction
of traction and superscript n is used to identify whether the element is a shaft element
or a base element. The influence function [f(ri, Zi, Sj, <;;)]:;W(q = r, x, z, m = r, x, z,
n = s, b) denotes the displacement in the m direction at a point Pi(ri, Zi) due to a unit
traction acting in q direction on the jth element. The superscript n is used to identify
whether thejth element is a shaft element or a base element. The expressions for [f(ri,
Zi, Sj, z)]:;m are presented in eqns (All)-(AI8) and (A24)-(A31) in the Appendix. In
what follows we establish the flexibility equations of the inclusion under axial, lateral
and moment loading.

Axial loading
Under the action of an axial load the contact surface of the cylinder is subjected

to unknown stresses acting in the vertical and radial directions [Fig. 4(a)]. Because we
assume that this stress field is generated by the integration of fundamental concentrated
ring loads shown in Figs. 3(a) and 3(b), the stress-free boundary conditions at z = 0
is automatically satisfied. The boundary conditions which remain to be satisfied are
those associated with the displacements of the contact surface of the inclusion which
can be expressed as

w(a, z)

w(a - t, z)

w(r, h) 6.,,;

u(a

u(a, z) = 0

t, z) = 0

u(r, h) = 0

(0:::; Z :::; h),

(0 :::; z :::; h),

(t - a :::; r:::; a),

(9a)

(9b)

(9c)

where .6." is the vertical displacement of the inclusion under the load Vo.
The displacements Uiri' Zi) and wlri' z;) at point Pieri, zJ due to the stress field

o 8=0

I
Zj

shaft element I
(SE) I

sJ

.b-@-~--J
I bose element
t (BE)
Z

Fig. 5. Geometry of a shaft element and a base element.
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acting on the contact surface can be expressed as

N s

u;(r;, Z;) = L {[f(r;, Z;, Sj, z)]~ST~ + [f(r;, Z;, f,j, zj)]~sT:J
j=l

Nb

+ L {[f(r;, Z;, Sj, Zj)]~bTt + [f(r;, Zi, Sj, z)]~bTt}, (lOa)
j=1

N ...

w;(r;, Zi) = L {[f(r;, Z;, Sj, zj)WT~ + [f(r;, Z;, Sj, z)WT:j}
j=l

Nb

+ L {[f(r;, Z;, Sj, ZjmbTt + [f(r;, Z;, Sj, z)];bTt}, (lOb)
j~l

where N s and N b are the number of shaft and base elements, respectively. Ifwe impose
the boundary conditions given by eqns (9) with Li" = 1 in eqns (l0), a system of si
multaneous equations of order 2(Ns + N b) is formed with T~ ... Tt corresponding
to each element as the unknown vector. The solution of this system of simultaneous
equations gives the intensity of the distributed stress field acting on the rigid inclusion
elastic-medium interface. The applied vertical force can be expressed as

N, Nb

Vo = L 27frjLit'T~ + L 27friLib·Tt·
j 1 j=1

(11)

Lateral and moment loading
Under the action of a lateral or a moment loading, the stress and displacement

fields are symmetrical about 0 = 0 or x axis. The contact surface of the cylindrical
inclusion is subjected to unknown stresses acting in vertical (z) and horizontal (x) di
rections [Fig. 4(b)]. As in the previous case, we assume that this stress field is generated
by the integration of fundamental concentrated ring loads shown in Fig. 3(c) and 3(d).
The stress-free boundary conditions at z = 0 are automatically satisfied. The boundary
conditions which remain to be satisfied are those associated with the displacements at
the contact surface of the inclusion along the plane 0 = 0 which can be expressed as

w(a, z) = a<po (0 :s Z :s h), (l2a)

w(a - t, z) = (a - t)<po (0 :s z :s h), (l2b)

w(r, h) = r<po (a - t :s r :s a), (l2c)

u(a, z) = Lih - z<Po (0 :s z :s h), (l3a)

u(a - t, z) = Lih - z<Po (0 :s Z :s h), (l3b)

u(r, h) = Lih - h<po (t - a :s r :s a), (Be)

where Lih and <Po are the displacement in x direction at z = 0 and rotation of the cylinder,
respectively. The displacements u,{r;, z;) and w;(r;, z;) at a point P;(ri, Zi) on the e
oplane due to the stress field acting on the contact surface can be expressed as

u,{r;, z;) = L {[f(r;, Z;, Sj, z)]~ST~ + [f(r;, Z;, Sj, zj)]~ST~J
j=l

Nb

+ L {[f(ri' z;, Sj, zjmbTt + [f(r;, Z;, Sj, zj)]~bT~j}, (l4a)
j=l

N.),

w,{r;, z;) = L {[f(r;, z;, Sj, z)UST~ + [f(r;, Zi, Sj, zj)WT~j}
j=l

Nb

+ L {[f(ri' Zi, Sj, zj)]tTt + [f(r;, Z;, Sj, zjmbT~J. (l4b)
j=1
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Unlike in the axial loading case, if we impose the boundary conditions given in
eqns (12) and (13) directly in eqns (14), the resulting system of simultaneous equations
has one additional unknown because 6.." and <1>0 are coupled under lateral as well as
moment loading. Therefore, we express the displacement boundary conditions of U as

Ui(a, Zi) - Ui+ I(a, Zi+ d = 6..t<1>0 (0 S Zi, Zi+] S h),

(t - a Sri, ri+ I Sa).

(l5a)

(15b)

If ith element is on the shaft and (i + 1) element is on the base, then

6..t
ui(a, Zi) - Ui+ l(ri+ I, h) = 2 <1>0. (l5c)

The substitution of eqns (14) in eqns (12) and (15), together with <1>0 = I, result in
a system of simultaneous equations with 2(Ns + N b ) - I equations. The remaining
equation is obtained by considering the global equilibrium of the inclusion as follows:

N., Nb {1T
j~1 {1TrJ-6..tT'zJ - 21Trjzj'6..tT~j} + j~1 '4 [(rj + 6..b/2)4

- (rj - 6..b/2)4]T~j - 21Trjh'6..bT.~j} = M o, (l6a)

N.,"

~ 21Trj'6..tT~j + ~ 21Trj'6..bTt = H o.
j= I j~ I

(16b)

Ifthe inclusion is subjected to only a horizontal load, then we use eqn (16a) with
Mo = 0 to obtain the additional equation to generate a proper system of simultaneous
equations. If the inclusion is subjected to only a moment loading, then we use eqn (16b)
with H o = 0 to obtain the required additional equation. Once the solution to the system
of simultaneous equations are obtained, we can compute the value of the applied load
Mo or Ho by using eqns (16). The horizontal displacement 6.." of the inclusion at Z = 0 is
computed from the following:

N,·

6.." = ~ {[f(r] , ZI, Sj, zj)]~sT'zJ + [f(r] , Z], Sj, zjn~ST~j}
j=]

Nb

+ ~ {[f(rl' ZI, Sj, zj)]~bTt + [f(rl, ZI, Sj, zj)]~bT~J + 0.56..t. (17)
j=1

4. NUMERICAL-SOLUTION SCHEME

The numerical solution of the system of simultaneous equations involves the com
putation of influence functions presented in eqns (A11)-(A18) and (A24)-(A31) in the
Appendix. These influence functions consist of integrals of the Lipschitz-Hankel
type[23] of the following form:

(18)

Eason et al.[24] examined these integrals and expressed them in terms offunctions
tabulated by Heuman[25]. The functions tabulated by Heuman are symbolically rep
resented by F o, Eo and Ao. These functions are directly related to complete elliptic
integrals of the first, second and third kind[26]. In evaluating the Lipschitz-Hankel
type integrals I(rn, n;p) appearing in the influence functions, we use the expression
presented by Eason et al.[24] for 1(0,0;0),/(1,1;0),/(0,0;1),/(1, 1;1),/(1,0;-1),
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I(l, 0;0), I(l, 0; -1) and I(l, 1; 1) together with the following recurrence relation
ships[24]:

rI(p + 1, q;'>I.) + sI(p, q + 1;'>1.)

= Cp,q + (p + q + '>I.)I(p, q;'>I. - 1) - cI(p, q;'>I.), (19)

r/(p - 1, q;'>I.) + sI(p, q - 1;'>1.)

= -Cp,q + (p + q - '>I.)I(p, q;'>I. - 1) + cI(p, q;'>I.), (20)

r/(p - 1, q;'>I.) - sI(p, q + 1;'>1.)

= - Cp,q + (p - q - '>I.)l(p. q;'>I. - l) + cI(p. q;'A.), (21)

where

if p + q + 'A. = 0,

(22)
if p + q + 'A. > 0,

The numerical values of Fo and Eo are computed by using the series expansion
presented by Abramowitz and Stegun[26]. Since there are no such general expansions
available for Ao, we employ Gaussian quadrature (formulae) with thirty-two quadrature
points[26] to accurately estimate Ao.

Based on the above solution scheme and the associated numerical procedures, the
authors have developed a computer code to evaluate the stiffness of rigid piers. The
inputs to the program are the shear modulus and Poisson's ratio of the half space (j.L,
v), length-radius ratio of the bar (hla) wall thickness (1), number of shaft and base
elements (Ns and N b ). The output contains intensity of stresses at node points, dis
placement of the cylinder at z 0, and load transfer curves of the cylinder. It is
observed that the ill-conditioning of the system of simultaneous equation occurs for
long cylinders due to the contribution from base elements. The iterative solution scheme
presented in [10] could be used under such conditions. This situation does not arise in
the case of a shell, since there are no base elements with an area very small compared
to shaft elements,

5, DISCUSSION AND CONCLUSIONS

Figure 6 shows the comparison of vertical displacement on the free surface of the
half space with the results presented by Luk and Keer[3]. It is evident that the results
agree very closely even for a very short shell and a rod. Table I presents comparison of
vertical stiffness obtained from other available approximate schemes. The method of
analysis presented by Poulos and Davis[7] where radial stresses and compatibility of
radial displacement were neglected, agrees very closely except for a very short bar (hi
a = 0.5). In the limiting case as time approaches infinity, the solution of Niumpradit
and Karasudhi[ll] corresponds to the case considered by Muki and Sternberg[2]. The
results are in very close agreement for long bars. Recently Karasudhi, Rajapakse and
Hwang[27] presented a new compatibility condition for torsion transfer from an elastic
bar into a layered elastic half space. Instead of using a cross-sectional average as
proposed by Muki and Sternberg[ I], they proposed a compatibility near the interface
of the interacting systems. Karasudhi, Rajapakse and Liyanage[28] reconsidered the
axial, lateral and moment load transfer using this new compatibility condition. The
numerical results are presented in Table 1, and they agree very closely with those
obtained from the present scheme. Figure 7(a) presents comparison of load transfer
curves under axial loading for a bar embedded in a half space with v = 0.3. The load
transfer curve obtained from the present study for a bar with hla = 5.0 agrees closely
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Fig. 6. Comparison of vertical displacement on surface of half space under axial loading:
v = 0.3.

Table I. Comparison of vertical stiffness of a solid bar under a vertical load: (v = 0.25, t = a).

Method of analysis

Present study
Poulos type analysis
Niumpradit and Karasudhi[11]
Karasudhi et al.[28]

h/a = 0.5

7.06
6.51

h/a = 5.0

17.02
16.42

16.26

h/a = 10.0

24.80
24.20
24.73
24.75

h/a = 20.0

38.96
38.20
39.96
38.99

'·01'01;:'--------,

0·8

>00'6

"N
£r 0-4

0'2

• Present study, shell hla =5,0

o Present studY,selid ber hie =5,0

- Solid bar h/e=5'O, Ref. [3]
--- Shell h/e=5·O,Ref. [3]
-,- Selid ber h/e=5'O, Ref.[28]

-'- Present study,shell h/a=20'0

o 0·2 0-4 0'6 0·8 1·0
z/h
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/·0 ro;:::----------,
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Fig. 7. Comparison of vertical load transfer curves.
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Table 2. Comparison of translational stiffness of a solid bar under a lateral load: (v = 0.25, t = a).

Method of analysis

Present study
Poulos type analysis
Apirathvorakij and Karasudhi[ 12]
Karasudhi et al.[28]

hla = 0.5

6.10
5.42

hla = 5.0

10.01
9.21
8.30
8.65

hla = 10.0

12.80
12.13
10.67
12.00

hla = 20.0

18.40
18.01
16.33
17.97

with that of Luk and Keer[3]. The load transfer curve corresponding to [28] shows a
slight discrepancy and a higher percentage of load transfer at the base. However, it
should be mentioned here that significant differences exist between the load transfer
curve obtained from the present study and that given by Luk and Keer[3] for a shell
of h/a = 5.0. In the present study we observe that the load transfer curves for shells
observe a trend which is opposite to that observed by Luk and Keer[3]. The load transfer
curve for a shell with h/a = 20, falls well below the load transfer curves for a shell
and a rod with h/a = 5.0. This situation is clearly illustrated in Fig. 7(b), where we
compare the load transfer curve for a shell and a rod with h/a = 20. Intuition suggests
that as h/a increases, the load transfer curve of a shell should approach that of a solid
bar. The load transfer curve for a solid bar with h/a = 20, obtained from present study,
agrees very closely with those corresponding to [11, 28].

Tables 2, 3 and 4 present comparison of lateral, rotational and coupled stiffness
of a solid bar with different geometric aspect ratios h/a. For long bars (h/a ~ 10), the
results obtained from the four different methods agree closely. The solution scheme
of Karasudhi et al.[28] agrees very closely with the results obtained from the present
study for long bar (h/a 2: 10). The solution scheme of Apirathvorakij and Karasudhi[12]
always results in a low value of translational, rotational and coupled stiffness. For bars
with moderate to low h/a ratios (h/a ~ 5.0) where the solution schemes of [12,28] are
not applicable, Poulos' [29] analyses (see also [7, 8]) give considerable error for rotational
and coupled stiffnesses. It would appear that in this range, accurate results could only
be obtained from either an exact solution of the problem or via a discretization scheme
as that presented here. The shear and moment distribution along the length for a bar
with h/a = 5.0 is compared in Figs. 8 and 9 for moment loading and horizontal loading.
The distribution of shear and moment follow similar trends except that slight differences

Table 3. Comparison of rotational stiffness of a solid bar under a moment: (v = 0.25, t = a).

Method of analysis

Present study
Poulos type analysis
Apirathvorakij and Karasudhi[ 12]
Karasudhi et al. [28]

hla = 0.5

0.08
0.02

hla = 5.0

1.54
1.32
1.23
1.31

hla = 10.0

6.67
5.82
5.31
6.25

hla = 20.0

34.70
34.20
31.25
35.71

Table 4. Comparison of coupled stiffness of a solid bar under moment and lateral loading: (v = 0.25, t = a)

Method of analysis

Present study
Poulos type analysis
Apirathvorakij and Karasudhi[12]
Karasudhi et al.[28]

hla = 0.5

0.67
0.17

hla = 5.0

2.01
1.69
1.62
1.75

hla = 10.0

4.87
4.31

4.36

hla = 20.0

12.42
11.97
10.86
12.04
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exist between the maximum values and also those at the base of the bar. It should be
mentioned here that for bar with h/a < 5, considerable differences exist between dis
tribution curves obtained from the present study and those by a scheme similar to
Poulos[29] .

One of the most important observations concerning the numerical results is that
the stiffness of a shell is very close to that of a rigid bar. Even for h/a = 0.5, the
difference is less than 10%. Figures 10-12 present the axial, translational, rotational
and coupled stiffness of a solid cylinder and shell for different h/a ratios and Poisson's
ratios of the surrounding half space. Since the stiffness of a shell is very close to that
of a solid bar, we do not present results for a hollow cylinder. From these figures it is
evident that an accurate estimate of the stiffness of a hollow cylinder could be obtained
by considering solid cylinder of equal external diameter.

From the discussion of numerical results it can be concluded that the present
method of analysis yields results which agree very closely with those presented by Luk
and Keer[3] for vertical load transfer problems. However, we have observed consid
erable differences for load transfer curves for shells. The available approximate
schemes presented in [2, 5, 7, 10-12,28] could be considered as accurate methods for
load transfer problems for a rigid bar with h/a 2: 10, under all types ofloading. However,
for moderate to short bars (h/a -s: 5.0), only the present method yields very accurate
results when compared with Luk and Keer[3]. From the numerical point of view,
the present method is computationally more efficient than the scheme employed by
Luk and Keer[3] under general loading. However, for long bars, the solution scheme
of Karasudhi et al.[28] can be considered computationally superior, besides the fact
that such a scheme is applicable to both rigid and elastic bars.
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APPENDIX

The following are the expressions for displacements corresponding to concentrated ring forces shown in Fig.
3.

Concentrated vertical ring force [Fig. 3(a)]

(0 :s: z, z· < x), (AI)

u(r, z) = 8....0s
v) fox {~(z z')e -tlz -,'I + [-}'J + AI (z - z')~ + 2ezz'] e -t(l+ l' )}JO(~S)JI (~r)d~

(0 :s: z, z' < :>0). (A2)

Concentrated radial ring force [Fig. 3(b)]

w{r,Z) = 8....0s
v) fox Wz' z)e -tll-z'l + [- A3 - At(z - z')~ + 2ezz']e-t(z+z')}JI{~s)Jo(~r)d~

(O :s: z, z' < :>0), (A3)

u(r,z) = s (x{[AI _ ~Iz - z'l]e-tll-z'l + [A2 - AI(Z + z')~ + 2~2zz']e-t(z+z')}JI(~s)J,(~r)d~
8....0 - v)Jo

(0 :s: z, z, < x). (A4)

Concentrated ring force in x direction [Fig. 3(c)]

w(r, 0, z) = s (X {~(z _ z') e-tlz-z'l + [A3 + AI(Z - z,)~ - 2ezz'] e-Hz+z"}Jo(~s)Jd~r)d~
cos 0 8....0 - v) Jo

(O:S: Z, Z' < x), (A5)

u(r, 0, z)

cos 0

v{r, 0, z)

sin 0

s (X ([~ I z _ z'l - Ad e-t1z-z'l + [-A3 + A,(z + z')~ - Zezz'] e-tlz+ z"}
16....0 - v) Jo

x [Jz(~r) - Jo(~r)]Jo(~s)d~ +..!...- (X [e -tlz-z'l + e - tlZ + z')][Jz{~r) + Jo(~r)]Jo{~s)d~
4.... Jo

(0 :s: z, z' < :>0), (A6)

s (X mI z - z' I - Ad e-tlz-z'l + [-A3 + A,(z + z')~ - Zezz'J e- t1z + z"}
16....0 - v) Jo

x [Jz(~r) + Jo(~r)]Jo(~s)d~ +..!...- (X [e-tlz-z'l + e-t(z+z')J[Jz(~r) - Jo(~r)]Jo(~s)d~
4IL Jo

(O:S: z, z' < (0). (A7)

Concentrated vertical ring force with azimuthal distribution [Fig. 3(d)]

w(r, 6, z) = s (X ([AI + ~ I z - z' IJ e-t1z-z'l + [A3 + AI(Z + z')~
cos 0 8f-\oO - v) Jo

+ Zezz'] e-tlz+z"}JI(~s)JJ(~r)d~ (O:s: z, z' < :>0), (A8)
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where

u(r, 6, z)

cos 6

vCr, 6, z)----
sin 6
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16fL(\S _ v) LX wz - z') e-<I: :'1 + [-A, + Adz - z')~

+ 2ezz'] e <I: + :')}[h(~r) ~ Jo(~r)]Jd~s) d~ (0 os z. z' < x),

16 /' ) (X (S(z - z') e <I: :'1 + [- A, + Adz - z')~
fL( - v Jo

+ 2ezz'1 e <I:' :')}[h(~r) + J()(~r)]J()(~s) d~ (0 os z, z' < x),

(A9)

(AIO)

AI = (3 - 4v); A, = 40 - v)O - 2v),

Influence functions for displacements due to distributed ring forces
The following influence functions for displacements are derived for the case of axial loading by integrating

displacement expressions presented in eqns (A I)-(A4) across the thickness of a ring element.
If the jth element is a shaft element.

[fer"~ z" S;, z;)];.' = s; [ r-- --, f .l1/2 {(A + I )/dO, 0;0) + (A2 + AdhW, O:O)} dz'l
8fLO - v) J. ~ c, .l1·2

+ s, [(z, ~ z' )/dO, 0;0) - Adz, + z' )hW, 0;0)
8fLO - v)

- 2z. iz'h(O,O:I) - 2z.J:!(O,O;O)[: ~:+~~::~.

[f(r"z"s;,z;l;' = s; [a(AI - 1)/dl,l: -I) - (z, - z')/O,1 :0) - (A2 - AdhO,I: -I)
., 8fLO - v)

(All)

(AI2)

(AI3)

(AI4)

+ AI (z, + z' )hO, 1;0) - hz'/O, I : I) - 2zJ( I. I :ow::

If the jth element is a base element,

J.r/2
Jot..'2·

[f(r"z"s;,z;)];,b = 8 I [s{I\l/f(O,I: -I) + (z; - z,)/fW, 1;0) + A21i'(0, I; -I)
., fLO - v)

+ Adz, + z;)/i' (0, 1;0) + hz;Ii'W, I; 1)}]:~:;~~bh12'

[f(r, , z" sJ> Zj)]~.b = 8fL(/ ~ v) [s{(z, - zj)/fO, 1;0) - A,Ii'O, 1; - I)

+ AI(Z, - zj»/i'O,1 ;0) + hz;Ii'O,l ;I)}):::::+xii~,

[f(r"z"sj,Z;)]~b= 8 (/ [S2{(Z; - z,)/f(0,2:0) - A31i'(O,2; -I)
jL - v)

- Aj(Z, - z;)/i'(O, 2 ;0) + 2z,z;li' (0, 2; I)}]}:::; + HiL

[fer"~ z" SJ> Zj)];b = 8 I [S2{I\l/f(\, 2; - 1) - (z; - z,)/fO, 2;0)
JLO - v)

+ I\2/i'0,2;-1) - AI(Z, + z;)/;O,2;0) + hZ;Ii'(\,2;1)}]:~:;:':xi;~,

In eqns (AII)-(AI4),

(AIS)

(AI6)

(AI7)

(AI8)

if z,<Zj - 6.t/2,
if z,> z; + 6.t/2,

(AI9)

If Zj - 6.t/2 < z, < Zj + 6.t/2, then the influence functions given in eqns (AII)-(AI4) should be computed
by considering the integration over the interval [Zj - 6. t/2, z; + 6. t/2] as summation of integration over the
intervals [z; - 6.t/2, z,] and [z" z; + 6.t/2] with appropriate value of a given by eqn (AI9).

In eqns (AII)-(AI8)

I, (m, n ;p) = (X J",(V,)J,,(~s;)~P e <I:i :'1 d~,Jo . (A20)
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h(m, n;p) = fooo Jm(~r;)Jn(~SjW e- E1z/+ z') d~, (A21)

I:'(m, n;p) = fooo Jm(~r;)Jn(~S)~ e-Elzj-z;l d~; (A22)

ti(m, n;p) = fooo Jm(~r;)Jn(~SW e-E<Zj+Zil d~. (A23)

The following influence for displacements are derived for the case of lateral and moment loading by
integrating the displacement expressions presented in eqns (A5)-(AI0), across the thickness ofa ring element.

If the jth element is a shaft element,

S·
[f(r;, Zi, Sj, z)]~S = 8f.L0 J_ v) [a(A. + 1)/10, I; -I) + (Zi - z')/IO, 1;0) - 0'1 + A2)120, 1;-1)

- AI(Z; + z')hO, 1;0) - 2ziz'hO, 1;1) - 2zihO, I;Om:~2~*:;~, (A24)

S·
[f(r;, Z;, Sjo Zj)]~S = 16f.LOJ _ v) [a(z; - z'){/)(2, 1;0) - 11(0, I ;O)} + 11(2, 1;-1)

- 11(0, I; -I) + (AI + A3){h(2, I; -I) - MO, I; -I)} - AI(Z; - z'){h(2, 1;0)

- h(O, I ;O)} - 2z;z' {h(2, I; I) - MO, I ;I)} - 2zi{h(2, 1;0) - h(O, I ;O)}]f ~2~*m,

S (A25)
[f(ri,z;,sjoZj)U' = 8f.LO J_ v) [-(z; - z')/.O, 0;0) + 110,0;-1) - (A3 - AdhO, 0;-1)

+ A.(Z' - z;)hO, 0;0) + 2ziz'hO, 0;1) + 2z;hO, 0;Om:~2~*:~, (A26)

[f(r;, Z;, Sj, Zj)]~S = 16 (;j ) [ (Zj+<1,/2 {(AI - 1)/.(0,0;0) + (A2 - A.)h(O,'O;O) + 4(1 - V)/I(O, 0;0)
f.L - v )Zj- (U/2

+ 40 - v)h(O, 0 ;O)} dz' ] + 16f.L(;j _ v) [ - al (AI - 1)/1 (2, 0; -I)

+ (z; - z'){/1(2, 0;0) - 1.(0, O;O)} + (A2 - A.)M2, 0;-1)

- AI(Z; + z'){h(2, 0;0) - h(O, O;O)} + 2z;z'{h(2, 0;1) - MO, O;I)} (A27)

+ 2z;{h(2, 0;0) - MO, O;O)} + 4(1 - v){-ad.(2, 0;-1) - M2, 0;-I)}]r~2~*:;~.

If the jth element is a base element,

[f(r;, Z;, Sjo Zjmb = 8f.L(l1- v) [S2{Ad:'O, 2; -I) + (Zj - z;)/:'(I, 2;0) + A2/;'0 , 2; -I)

+ A.(Z; + zj)/;'(I, 2;0) + 2zizj li(l, 2;l)m~~~*t;t (A28)

[f(r;, Z;, Sjo Zj)]~b = 16f.L(l1 _ v) [S2{(Z; - zj)[/:'(2, 2;0) - 1:'(0,2;0)] - A3[/;'(2, 2; -I) - 1;'(0,2; -I)]

+ AI(Z; - zj)[/;'(2, 2;0) - li(O, 2;0)] + 2zizj [/;'(2, 2;1) - li(O, 2;1)}]~~~~*tiL

(A29)

(A30)

[f(r;, Z;, Sj, Zj)]~b = 16f.L(l1 _ v) [- Ad/:'(2. I; -I) - 1:'(0, I; -I)} + (Zj - z;) {/:'(2, 1;0) - 1:'(0, 1;O)}

- A2{li(2, I; -I) - 1;'(0, I; -I)} - 2z;zj{li(2, I; I) - 1;'(0, I; I)}

+ AI(Z; + zj){li(2, 1;0) - 1;'(0, 1;0) + 4(1 - v){li(2, I; -I) (A31)

+ li(O, I; -I) + 1:'(2, I; -I) + /:'(0,1; -I)}]~~~~*t;~.
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